The unfolding of a vector field exhibiting a degenerate homoclinic orbit of inclination-flip type is studied. The linear part of the unperturbed system possesses a resonance but the coefficient of the corresponding monomial vanishes. We show that for an open set in the parameter space, the system possesses a suspended cubic Hénon-like map. As a consequence, strange attractors with entropy close to log 3 persist in a positive Lebesgue measure set.
Introduction
In dynamical systems, homoclinic orbits play an important role. A homoclinic orbit of a vector field is bi-asymptotic to a singularity which is assumed, in the present paper, to be hyperbolic. To understand the dynamics that appear after perturbation of such systems, many studies have been done in low codimensions [Chow et al., 1990; Kisaka et al., 1993; Shil'nikov, 1965] . For a nondegenerate homoclinic orbit the resulting dynamics obtained after perturbation are well known, see [Shil'nikov, 1965 [Shil'nikov, , 1993 .
Possible degeneracies of the homoclinic orbit can be due to geometrical considerations like in [Homburg et al., 1993] or can involve local properties of the vector field like in [Robinson, 1989] and more precisely a resonant condition. In [Homburg et al., 1993] , the authors studied the bifurcations that arise in the unfolding of an inclination-flip homoclinic orbit on R 3 and show that a suspended horseshoe is present in a tubular neighborhood of the unperturbed homoclinic orbit. In this context, the homoclinic orbit satisfies a nontransversality condition (see details below). Rychlik [1990] showed that a geometrical Lorenz attractor is present in the phase portrait of a three-dimensional vector field that unfolds a double inclination-flip homoclinic orbit with a Z 2 symmetry. Earlier, Robinson [1989] showed a similar result when the nontransversallity condition in [Homburg et al., 1993] is replaced by a resonant condition: the sum of two eigenvalues of the linear part of the vector field at the singularity vanishes. This resonance implies the existence of a resonant term in the normal form of the vector field near the singularity. The presence of complicated dynamics in [Robinson, 1989] is due to the change of the dynamics from attracting to expanding inside the extended unstable manifold (see definition below). However, the presence of a resonant term associated to the resonance does not contribute to any qualitative change of the dynamics. This implies that we need to know only the lowest order term in the normal of the vector field at the singularity in order to understand the complete dynamics.
In this paper, we present a scenario similar to that of [Homburg et al., 1993] where the appearance of a resonant term really yields to qualitative changes of the dynamics, emphasizing at the same time the importance of normal form theory in the case where the singularity is hyperbolic. We now introduce our family.
Let X p , p ∈ D ⊂ R 4 , 0 ∈ int(D) be a family of smooth vector fields on R 3 , with the origin O being a hyperbolic equilibrium point. DX p (O) has three real eigenvalues −α(p) < −β(p) < 0 and (p) > 0. We set (p) [Hirsch et al., 1977] . We shall assume the family X p to satisfy the following conditions. The first conditions concern the global dynamics of X 0 and the others concern the local dynamics near the origin.
(i) X 0 possesses a nondegenerate inclination-flip homoclinic orbit, see below for more details. (ii) The eigenvalues satisfy α(0) = 2β(0) which is a resonant condition and 1/3 < β(0) < 1/2. The associated family of germs then takes the following normal form
where 
Assuming that ν(0) = 0 means that the unperturbed system admits a resonance between the negative eigenvalues. The homoclinic orbit Γ is called a low resonant degenerate homoclinic orbit. The normal form of X p at the origin then takes the form (1) and z 2 (∂/∂y) is a resonant term for Y 0 . This explains why we can expand the 2-jet of the family, for p ∼ (0, 0, 0, 0) as above. By condition (iii), the corresponding coefficient vanishes.
Before stating the main result of this paper, we introduce the following notions.
The cubic Hénon map is defined as follows
with δ 2 as Jacobian. We say that a family of maps H γ,δ : R 2 → R 2 is a cubic Hénon-like family if the family is close to H ± γ,0 in the C 3 topology of the uniform convergence on compact set and more precisely if there exist r > 0 such that
Definition 2. Let U ⊂ R 2 be an open set and let Φ : U → R 2 be a diffeomorphism. We say that Λ ⊂ U is a strange attractor of Φ if the following properties hold.
(1) Λ is a compact, nonhyperbolic attractor of Φ; (2) Its basin, W s (Λ), has a nonempty interior; (3) There exists z 1 ∈ Λ such that {Φ m (z 1 ); m > 0} is dense in Λ; (4) There exists c > 0 such that Φ possesses c as a Lyapunov exponent, more precisely, there exists
Note that in the Hénon-like case [Mora et al., 1993; Naudot, 1996] 
is a diffeomorphism near 0. Let S be a section transverse to Γ and P p : S + → S be the Poincaré return map associated to X p . Then there exists a blow-up A direct consequence of Theorem 1 is that the Poincaré return map is close to a bimodal map. From the work of Díaz, Rocha and Viana [Díaz et al., 1996] , we can deduce theoretically the presence of such an attractor for the family H γ,δ . This attractor is included in the closure of the unstable manifold of a saddle fixed point and is persistent in the sense of Lebesgues measure. Furthermore, for δ arbitrarily close to 0, one can construct examples with γ 0 ∼ 0, γ 1 ∼ −2 such that the map H + γ,δ possesses an attractor that with entropy close to log 3, which is a topological obstruction for this attractor to be conjugated with the classical Hénon attractor. This Poincaré return map can be realized in the family X p . Holmes suggests in [Holmes, 1979] the following family of maps
when 0 < δ 1 is fixed, as a model for the Poincaré return map associated with the Duffing's equation [Holmes et al., 1978] . A numerical evidence of the presence of a strange attractor is given. Later, Yamaguchi studied the structure of the strange attractor. He showed that for γ 1 = 2.77 and δ = 0.2, the strange attractor is present with Lyapunov exponents λ 1 = 0.595, λ 2 = −2.204 and with Lyapunov dimension σ = 1.269.
From condition (ii) in the statement above, the unperturbed system admits a resonance between the negative eigenvalues. In terms of normal form theory, the monomial of the form z 2 ∂/∂y is resonant. This term cannot be removed by a smooth transformation [Belitski, 1978; Bonckaert, 1993; Sternberg, 1958] . This implies that for the unperturbed system, the germ of vector field at the origin is degenerate. Assuming that this resonant term vanishes at p = 0 representing the second degeneracy condition for the germ, and therefore, to obtain a generic family, additionally to the parameter breaking the resonance, another parameter is needed. Since two parameters at least are needed to unfold generically an inclination-flip homoclinic orbit [Kisaka et al., 1993; Homburg et al., 1994; Naudot, 1996] , the family of vector field under consideration must depend on four parameters at least in order to be generic.
Note here that the role played by the resonance in this case is different from that of [Chow et al., 1990] . In this latter article, the resonant condition implies that the dynamics of the Dulac map in any extended unstable manifold is neither contracting nor expanding but something "in between".
Furthermore, in the case of [Chow et al., 1990] , the presence of a resonant term in the Poincaré Dulac normal form at the origin does not contribute to any qualitative change of the dynamics. Here in the present case, the dynamics in the local extended unstable manifold of the Dulac map is clearly expanding but the appearance of a resonant term does contribute to a qualitative change of the dynamics, see below.
We also expect this attractor to have large topological entropy. In the last section of this paper we prove that in Cubic Hénon-like families there are maps whose attractor has entropy close to log 3. This latter attractor cannot be topologically conjugated with an attractor of a (classical) Hénon-like map [Naudot, 1996 [Naudot, , 2001 . From the homoclinic bifurcation point of view, the interesting thing is that the full complexity of the map H γ,δ is displayed because of the presence of both a degenerate homoclinic orbit and a resonant term that disappears.
The paper is organized as follows. In the next section we set preliminaries. The asymptotics of the Poincaré return map onto a given section is deduced. In Sec. 4, a logarithmic scaling in the parameter space is proposed. As a result, we show that for parameter values in the image of this scaling and after a suitable rescaling in the phase space the Poincaré return map is a Cubic Hénon-like map. The last section is devoted to proving that a Cubic Hénon map possesses an attractor with entropy close to log 3.
Preliminaries
The parameter ν indeed does not play a crucial role. When ν(p) = α(p)−2β(p) vanishes, the germ at the singularity is resonant. The proof of Theorem 1 is given when restricting to the case ν ≡ 0 i.e. when p belongs to the set
which is according to the statement of Theorem 1 a codimension 1 submanifold of R 4 . We claim that this restriction is assumed in order to simplify the setting, but the general case where ν(p) ≡ 0 can be treated similarly. Throughout the paper, at several places, arguments are given to justify the fact that the general case is just a deformation of the case ν(p) ≡ 0 we are considering. We first study the vector field X p in a neighborhood U of the origin. Up to a linear rescaling one can assume that U = (−2, 2) 3 . In U , by normal form theory [Arnol'd et al., 1986] , X p is equivalent with
where f yy , f yz , f zy , f zz are smooth germs of function.
Proof. Consider the family of germ at 0. It takes the form (2) and its associated linear family takes the formẋ
From [Bonckaert et al., 2003] , there exists a map of the form
where
which conjugates (3) to (2). In (4), f 2 and f 3 are Mourtada-type functions [Bonckaert & Naudot, 2001] and take the form
where for each integer i ∈ N, R i and P i are resonant monomials, n i and p i are integers respectively smaller than the degree of R i and P i . More precisely, we have 
with (a i , b i ) = (0, 2). From (5), since α(0) = 2β(0), we have a i ≥ 1. Also, since β(0) < 1/2, we have
are C 2 . Now, since the set {(x,ỹ,z)|ỹ = 0} is an extended unstable manifold of the linear system (3), the following set
is an extended unstable manifold of X 0 and is parametrized as follows.
which is a C 2 parametrization.
Remark that this proof requires the fact that α(p) − 2β(p) ≡ 0. In the general case, we use the asymtotics given in ] which generalizes those of [Bonckaert et al., 2003] , in the case the resonance is destroyed.
Observe that
, and that W s,u loc given by Lemma 1 is tangent to the set {(x, y, z) ∈ U |y = 0}. Moreover, the contact of tangency is of order higher than 2.
Let ∆ 1 > 0, ∆ 2 > 0. We now define the following transversal sections
Observe that for the unperturbed system, i.e. p = 0, we have ε(0) = 0. However, generically, a(0) = 0. If a(0) = 0, this implies that the inclination flip homoclinic orbit Γ is of weak type, which is a degenerate version of an inclination flip homoclinic orbit, see [Kokubu et al., 1997] for more details.
We now state the following lemma.
Lemma 2. Let
Let ξ ∈ R and consider the following diffeomorphism
Then,
We leave the proof of this lemma to the reader. From now on, the family of vector fields we consider,X p = Q * a(p) (X p ), takes the form
. By consideringX p instead of X p , we fix the intersection between W u,s (0) and the section S at the point (ε(p), 0, 1).
Observe that for parameter restricted to the set D, in terms of germs at the origin,X p ≡ X p . We now define
the "regular" transition map associated to X p . We choose ∆ 2 sufficiently small in such a way that Φ reg is well defined. We also define:
the "local" transition map associated to X p . We choose ∆ 1 sufficiently small in such a way that Φ loc is well defined. We also define the compensator map
Lemma 3. With the above notation, we have
are Mourtada-type functions in the variable x: they are smooth and for all integer n
uniformly in y and in p.
The proof of this lemma is given in [Bonckaert & Naudot, 2001] . Remark here that since we assume
, the regular transition map has the following asymptotic expression
where H x and H z are C ∞ functions and they consist of the higher order terms i.e.
Moreover, since Γ is of inclination flip type, it follows that µ(0) = 0. Generically, the extended unstable manifold given by Lemma 1 possesses at p = 0 a quadratic contact with the stable manifold. This implies that
In (8), (A ij ) i,j , ε, µ and ω depend C ∞ on the parameter p. Moreover, since Φ reg is an orientation preserving diffeomorphism, we have A 11 (p)A 22 (p) < 0. We now make the generic assumption that the map
is a diffeomorphism near 0 and from now on p is identified with (ε, µ, λ) and to simplify the notation, we remove the p dependence when there is no confusion. We now put
From (8) and Lemma 3 we have the following expression.
where the functions G y and G z are Mourtada-type functions.
We now state the following proposition.
Then there exists δ 0 > 0 and a singular scaling
and such that
A Singular Scaling
Let δ > 0, r > 0. Introduce now the following scaling
In this new coordinate system, the Poincaré return map takes the form
and, since g z , G x and G z are Mourtada-type function, it turns out that
where for integer i = 0, 1, 2, 3,
With (9), this latter leads to
where h v is C ∞ and
where h u is smooth. We first compute K 2 . From the above expression, it follows that
where A 2 , B 2 , C 2 and D 2 (δ) are Mourtada-type functions satisfying
We now define a first scaling as follows. Let 0 < δ 0 1 and
From now on, we consider values of the parameter (ε, λ, µ) in the image of this scaling. Both (13) and (12) lead to K 2 ≡ 0. Moreover, for each integer i ≥ 0, we have
where A i , B i and C i , are Mourtada-type function satisfying
We claim that for any integer i ≥ 3
but det
We are now in position to define the second scaling. Let
From now on, we assume that the parameter p = (ε, λ, µ) is in the image of σ 2 • σ 1 . We then get
Finally, a straightforward computation gives
We now put
Now with (17)- (19) we have
, it turns out that it turns out that there exists a smooth function H such that
This ends the proof of the proposition.
A Large Entropy
In this section we are going to show that for any Cubic Hénon-like family of maps, there are values of the parameter for which the topological entropy of the attractor is arbitrarily close to log 3. Most of the argument is folkloric. We include this construction for completeness. Let f : R → R be a C 3 map satisfying
We assume c 1 and c 2 not to be degenerate, i.e.
is called a Cubic Hénon-like map. In what follows, we will use the C 3 topology on the space of Cubic Hénon-like maps. The fixed points 0 and 1 of f are hyperbolic, and therefore, for small values of δ, the map F possesses two hyperbolic fixed points denoted by Q 0 and Q 1 which are the continuation of (0, 0) and (1, 1) . From now on we will fix a family of Cubic Hénon-like maps F a,b where
where the critical values of f a,b are v 1 = a, v 2 = b, and where a ∈ (1 − ε, 1 + ε) and b ∈ (−ε, ε). As an example, we consider the standard Cubic Hénon family given by
where (µ 0 , µ 1 ) ∈ R 2 is a parameter and δ > 0. 
The proof of this lemma can be found in [Palis et al., 1980] . 
consist both of a unique orbit. 
In (20), we use a "+" in the casex is located on the left side of W s loc (Q 1 ) and "−" otherwise. Let 1 = min r 1 . Notice that 1 depends continuously on a, b and δ. Similarly, we define r 0 : W s loc (Q 0 ) → R, and 0 = min r 0 , see Fig. (2) . Fix δ withδ small enough such that the above holds. Define the following continuous function L :
Notice that forδ small enough, the image of the boundary of the domain of L (which is a topological disk), is a homotopically nontrivial closed curve in R 2 \{0}. Hence, there exists (a, b) such that L(a, b) = (0, 0) which corresponds to a double tangency.
Assume F to have a double homoclinic tangency. Let q 0 be the "first" point in W u (Q 0 ) ∩ W s (Q 1 ) and q 1 be the "first" point in
Consider the domain D which is bounded by the following four curves: the curve from Q 0 to q 0 in W s (Q 0 ), the curve from q 0 to Q 1 in W u (Q 1 ), the curve from Q 1 to q 1 in W s (Q 1 ) and finally the curve from q 1 to Q 0 in W u (Q 0 ). Notice that
Define the attractor of F to be
and F has a double tangency, then the topological entropy of F on the attractor satisfies
The remaining part of this section is devoted to the proof of this theorem.
We will construct a subshift of finite type contained in A = A F with entropy close to log 3. Let p be a periodic point of f 1,0 with period 2n. Put p 0 = p and for each integer i > 0,
We may assume that the orbit of p possesses the following combinatorial type
Consider the intervals
and M = M {n} be the transition matrix Denote the corresponding subshift of finite type by σ : Σ n → Σ n .
Lemma 6. The largest eigenvalues λ n of M {n} satisfies λ n ≥ log 3 − ε n , with lim n→∞ ε n = 0. 
and
and therefore
After multiplication by (1 − λ) in the first and third columns of the above matrix, it follows that
and by subtracting the third column to the first column in the matrix above, we get
which leads to
Now put λ = 3(1 − ε). A straightforward computation gives
Observe first that for all ε ≤ 0, P n (3(1 − ε)) < 0, in particular, P n (3) = −4 < 0. This implies that the largest λ is certainly less that 3. We must find the smallest ε > 0 which satisfies P n (3(1 − ε)) = 0. Observe that for each 0 <ε 1 there exists n such that +3ε + 3
which implies that P n (3(1 −ε)) > 0. Therefore, there exists 0 < ε <ε such that P n (3(1 − ε)) = 0.
From now on, we choose the integer n such that log λ n > log 3 − ε, where ε is given in the statement of Theorem 2. Let F have a double homoclinic tangency. Furthermore assume thatδ is small enough such that there exists a periodic orbit of F which is a continuation of the periodic orbit {p 0 , . . . , p 2n−1 } of f 1, 0 
Observe that there is an invariant cone field for the dynamics of F : F −1 (S) → S of the form
Note that a becomes small for n large. There is also an invariant cone field for the map F −1 : F (S) → S Fig. 5 . Markov partition.
of the form
where b = O(δ) a. Let A S = {x|F n (x) ∈ S, ∀n ≥ 0} ⊂ A F and consider the natural coding ϕ : A S → Σ n given by the describe partition above. Left is to show that ϕ(A S ) = Σ n .
Let ω k be a word of length k for the subshift of finite type Σ n defined by the matrix M {n} and Ω(ω k ) ⊂ S the corresponding set of point whose first k iterates are coded by ω k . It is sufficient to show that for every word ω k and for each integer k, this latter set is not empty.
The following lemma can easily be proved by induction on k, using the hyperbolicity of F on S described by the disjoint invariant cone fields 
